The current experimental situation concerning the D s transitions to η and η ′ is summarized in Table 1 [1], mainly using the results obtained by the CLEO Collaboration in the past few years [2] . The experimental results are expected to be improved in the The results in Table 1 have inspired several considerations. First, it has been proposed that information on the η − η ′ mixing could be obtained just considering the semileptonic decay modes. As a matter of fact, writing the hadronic matrix element governing the transition D + s → ηℓ + ν in terms of form factors:
(q = p − p ′ ) and a similar expression for D
could be used to access the η −η ′ mixing angle through the ratios of the form factors f
which are related to the η − η ′ mixing scheme [3, 4] . In particular, information could be gathered on the mixing scheme in the flavour basis [5, 6] , which consists in writing the η and η ′ states as combinations of |η q >= 1 √ 2 |uu + dd > and |η s >= |ss >:
It has been shown [5] that in this scheme a single angle is essentially required, since |φ s − φ q |/(φ s + φ q ) ≪ 1, a result confirmed by a QCD sum rule calculation [7] . Therefore, one can safely assume φ s ≃ φ q ≃ φ; the most recent estimates of φ give values close to 40 0 [6] . In the flavour scheme, the semileptonic form factors relative to D + s → ηℓ + ν and
so that the possibility of a direct comparison with the results for φ obtained from the analyses of other channels involving η − η ′ particles could be envisaged. The situation is particularly simple in the case of semileptonic D + s decays to positrons or antimuons, where essentially only the form factors f η(η ′ ) + (q 2 ) are involved. However, in order to pursue this program, one has to neglect possible contributions to the semileptonic decay amplitude from diagrams where η and η ′ are produced through gluon emission; we shall consider this problem below.
As for nonleptonic decays, naive factorization, using the semileptonic D s → η and D s → η ′ form factors and the Wilson coefficients relevant for the transitions in Table 1, does not allow to predict all the branching fractions of D
. The same conclusion is obtained by analyzing the various decay channels in terms of transition amplitudes related by SU(3) F symmetry to analogous amplitudes for D decays [9] , or accounting for some effects of the inelastic final state rescattering [10] . In particular, the prediction for the rate of the decay mode D [11] . Therefore, a different mechanism must be invoked to explain the enhanced η ′ production. It has been suggested that the enhancement could be due to OZI suppressed diagrams with the η ′ produced by gluons and the cs pair annihilating to a charged W [3] . This mechanism would not affect substantially the η production, since the coupling of the gluons to η is estimated to be smaller than the coupling to η ′ [12] . However, a mechanism of this type, violating the OZI rule, could also affect the semileptonic D + s → η ′ ℓ + ν transition, spoiling the possibility of using the relation (3) to gather information on the angle φ from the semileptonic decay rates. Moreover, these effects could be also present in other systems, namely in D decays, although in such cases the annihilation amplitudes are Cabibbo suppressed.
The effects of the gluon production of the η and η ′ , although plausible, are not included in ordinary analyses since they are difficult to take into account in a quantitative way.
Nevertheless, their investigation is of particular relevance, and we shall try to perform it in a phenomenological way.
In this paper, we compute the form factor f
the result is in agreement with the experimental measurement in Table 1 . On the other hand, assuming the standard value of the η − η ′ mixing angle together with the naive factorization, other results in Table 1 are not reproduced. Therefore, we adopt a generalized factorization ansatz, fitting the relevant parameters from the experiment; moreover, we assume that the effect of the process producing the η ′ through the annihilation of the cs pair numerically modifies the D s → η ′ form factors. This enables us to investigate whether the experimental results can be reproduced by this assumption and how the reduction of the experimental uncertainty can be used to test various consequences of our ansatz.
QCD sum rule calculation of
Let us first compute the form factor f η + (q 2 ) using a nonperturbative method, such as the QCD sum rule technique [13] . We adopt the usual strategy of considering a three-point function:
with J η 5 =siγ 5 s the pseudoscalar quark density probing the strangeness content of the η, J µ =sγ µ c the weak current inducing the c → s transition, and J Ds 5 =ciγ 5 s a quark current having the D s quantum numbers. The momenta P and q are defined as P = p + p
relation in the variables p 2 , p ′2 can be written down:
where possible subtraction terms have been omitted. The spectral function ρ(s 1 , s 2 , q 2 )
contains, for low values of s 1 and s 2 , a double δ−function corresponding to the transition D s → η. Isolating such a contribution, and neglecting possible subtraction terms which we discuss later on, we can write:
(6) In (6) 
while the projection of the J
current on the D s state is given by the matrix element
The correlator (4) can be computed in QCD for large Euclidean values of p 2 and p
′2
by an Operator Product Expansion, expanding the T-product in (4) as a sum of a perturbative contribution and non perturbative terms, proportional to vacuum expectation values of quark and gluon gauge invariant operators of increasing dimension, the vacuum condensates. In practice, only the first few condensates numerically contribute, the most important ones being the dimension 3 <ss > and dimension 5 <sgσGs > condensates. The QCD expression for Π + reads:
Invoking quark-hadron duality, i.e. assuming that the hadronic and the perturbative QCD spectral densities give the same result when integrated above the thresholds s 0 1 and s 0 2 , we get the sum rule:
The variables r and r ′ are defined as r = p 2 − m 2 c and r
The domain D is bounded by the curves 
where F is a generic function of Q 2 . The application of such a procedure to the sum rule amounts to exploiting the relation:
with M 2 a Borel parameter. The operation, applied independently to the variables −p 2 and −p ′2 , improves the convergence of the series in the OPE in the r.h.s. of Eq. (9) by factorials in n, and, for suitably chosen values of the Borel parameters, enhances the contribution of the low-lying states in the hadronic representation of the correlator Π + .
Moreover
Therefore, a final sum rule can be worked out, keeping only the contribution of the lowest dimensional condensates:
In the numerical analysis of (17) and m s = 140 MeV [15, 14] . As for the D s decay constant, we used f Ds = 225 MeV [14] , while for the parameter A we adopted the two-point QCD sum rule result A = 0.115 GeV 2 [7] . The obtained sum rule shows stability to the variation of the Borel parameter in the region 2.5 GeV 2 ≤ M Fig. 1 ; it can be fitted by a linear expression
with A = 0.14 GeV −2 and B = 0.50±0.04. This expression is consistent, in the considered range of momentum transfer, with a polar form f
, with the mass of the pole M P ≃ 1.9 GeV .
In the following, we shall consider the form factor f 
with (q 1 q 2 ) V −A =q 1 γ µ (1−γ 5 )q 2 and C 1 and C 2 Wilson coefficients, and factorize the V −A currents appearing in it. As for the modes with η ′ , we further need an input on the η − η ′ mixing, and we choose the angle φ in the flavour basis mixing scheme, with the value φ = 39 0 coming from the measurements of φ → η (′) γ [16] . In Table 2 we collect the resulting branching fractions obtained in the factorization approximation, using f π = 0.132 GeV , Table 1 ; also the result Table 2 : Computed semileptonic and nonleptonic D s rates and branching fractions. Nonleptonic rates are obtained using naive factorization. The η − η ′ mixing is described in the flavour basis, with mixing angle φ = 39 0 .
Decay mode Γ (10
, obtained using Eq. (3), is within the experimental uncertainty quoted in Table 1 . On the other hand, as one can infer by comparing the computed decay rates reported in Table 2 with the experimental measurements in Table  1 , the calculations of the nonleptonic modes do not fit all the experimental measurements, as already anticipated by previous analyses.
In order to parameterize the deviation from the factorization approximation, as well as the possible role of the η and η ′ gluon production, we adopt a generalized factorization should be considered as non-universal, process-dependent parameters [17] . However, since in the decay modes D As for the possible contribution of OZI suppressed diagrams producing η and η ′ , it is essentially related to the matrix elements 0| GG η (′) , where G is the gluon field andG its dual. Several theoretical investigations suggest that 0| GG |η ≪ 0| GG |η ′ [12, 7] ; therefore, we assume that such annihilation amplitudes mainly affect the D s transitions to η ′ . A simple parameteterizion consists in modifying the values of the parameters A, B in (18), thus without affecting the shape of the form factor f η ′ + . This seems rather reasonable, since the range of momentum transfer in D s → η ′ transitions is rather narrow (q 2 ≃ 0 for
It is now possible to use the experimental data in Table 1 
to be compared with the value of a 1 obtained from the Wilson coefficients C 1 and 
Moreover, considering the modes D Considering simultaneously the constraints, all the data in Table 1 Although it is expected and rather plausible, the existence of such overlap regions was not guaranteed a priori; it shows that we have chosen a sensible scheme to parameterize the decays in Table 1 . More important, we expect that an improvement in the accuracy of the experimental data on the D s decay rates would sensibly reduce the size of such overlap regions, and presumably, exclude some of them. Noticeably, already at the present level of accuracy some interesting observations can be drawn. Let us consider, for example, the parameters in the regions D 3 and D 2 . In both the cases the experimental branching fraction of the semileptonic decay mode D s → η ′ ℓν is reproduced. However, a prime difference is that in the region D 3 the parametersĀ andB are opposite in sign, while in the region D can be done between the two shapes of the semileptonic distribution.
We can reasonably expect that improved data would restrict the allowed regions in the (B,Ā) plane. It could happen that they do not intersect any more, or that intersection regions could be found with restricted extension, allowing a better determination of the effective parameters introduced in our analysis. The theoretical calculation of such parameters remains of course a difficult task; nevertheless, we believe that the proposed scheme, where additional contributions are reabsorbed in the parametrization of the D s → η ′ form factor, is useful from the phenomenological point of view, as a starting point for the investigation of the underlying dynamics, and could be extended to other cases. 
Conclusions
We have presented a phenomenological analysis of the D s decays to final states containing η and η ′ . Since the theoretical investigations based on SU(3) F symmetry, FSI effects and standard η − η ′ mixing failed in simultaneously reproducing the observed branching ratios for all these decays, we have considered a possible role of annihilation diagrams, in which the η ′ is produced through its coupling to gluons. We have proposed a parametrization of those effects in the D s → η ′ form factor. As for D s → η, we used a theoretical calculation of the form factor f η + (q 2 ) which corresponds to a branching fraction for the decay D s → ηℓν in agreement with data. A fit to all the available experimental results, adopting a generalized factorization scheme for nonleptonic decays, is possible; it constrains the parameters in restricted regions that can be discriminated by making dedicated observations, for example looking at the semileptonic spectrum of the D s → η ′ transitions.
An improvement in the precision of the experimental data on D s decays could support this scheme and be helpful in understanding the dynamics of the η and η ′ production in heavy meson decays.
